We have performed path integral Monte Carlo calculations to determine the effect of quenched disorder on the superfluid density of a dilute 3D hard-sphere gas. The disorder was introduced by locating hard cylinders randomly inside the simulation cell. Our results indicate that the disorder does not strongly affect the superfluid critical temperature. There is a reduction of r s ͞r with increasing disorder and with excluded volume for similar disorders and a possible change of universality class (as evidenced by the correlation length exponent) at high disorder. Comparison to experiments of helium in Vycor is made. PACS numbers: 67.40.Hf Recently there have been several theoretical studies of the superfluid transition (Bose condensation) of a system of homogeneous hard spheres. For certain properties the model of hard spheres can describe the Bose-Einstein condensates of alkali metal atoms and liquid 4 He. The ratio of the superfluid transition temperature to that of an ideal gas T c ͞T c0 was determined with numerical calculations [1] to be larger than unity over a wide range of densities. The enhancement has been confirmed by several other studies [2, 3] , however the magnitude of the enhancement as a function of density is still controversial. It has also been proposed that T c can be enhanced with respect to an ideal gas by the introduction of quenched (i.e., static) disorder [4] . Experimental results for 4 He in Vycor show that, for some concentrations, the enhancement is as large as 300%. Here, we study numerically how a low density hard-sphere gas is affected by random geometry. Although there have been many calculations for disordered lattice models [5, 6] , to our knowledge, there are no other calculations tackling this problem in the continuum.
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Both helium gas and hard-sphere systems fall into the universality class in which the critical exponents of the superfluid fraction w and the correlation length n satisfy w 2n 20.67. In this class, the critical exponent of the specific heat, a is negative and according to the Harris criterion [7] , the presence of weak uncorrelated disorder will not change the exponents. To examine both this change in n and the possible variation in T c with the presence of quenched disorder, one can observe the behavior of helium when absorbed in a network of porous silica [8] [9] [10] [11] [12] [13] . This material is produced with various porosities. For example, in aerogel the volume of the voids in the system is around 90% 95%, in xerogel or porous gold it is 60%, and in Vycor the porosity is ϳ30%. Experimentally, it is found that the introduction of disorder decreases both the critical temperature and the fraction of the helium atoms that decouple from the oscillator measurement of the superfluid. In addition, the critical exponents can be changed: for samples with large porosity, n has a value greater than of the bulk helium case [10, 11] . However, in Vycor [10] and porous gold [14] , the exponents are the same as in bulk 4 He. Since a system of homogeneous hard spheres belongs to the same universality class as bulk liquid 4 He, we tried to understand the changes in the critical temperature and critical exponents in silica gels by performing path integral Monte Carlo (PIMC) calculations [15] for a system of hard spheres with quenched disorder. A simple model of disorder was constructed by placing, at random, N c hard cylinders parallel to the edges of the cubic periodic simulation cell. We used hard cylinders rather than a more realistic model of Vycor or aerogel, because such a model is much easier to treat computationally, in part because the absence of an attractive interaction means that there will not be a "dead layer" of 4 He next to the substrate which would impose a computational burden without participating in superflow. We sampled the positions of the cylinders by doing a simulation of a 2D hard quantum hard disk. One snapshot was used to place the cylinders along the x axis, another independent snapshot for the y axis, and a third for the z axis. Thus there were always equal numbers of cylinders along each axis. This procedure generates a random placement of the cylinders which are more uniformly spread across the simulation cell than would be the case if each cylinder was inserted independently.
The hard spheres are chosen to have diameter s appropriate to 4 He (2.2 Å) so as to make comparison straightforward, though we will also use dimensionless units. We demand that the hard spheres remain a distance d away from the center of each of the cylinders. The diameters of the cylinders were varied to study the effect of their number and/or of the total excluded volume. We considered two densities: rs 3 0.0107 and 1.07 3 10 25 . Here, r N s ͞L 3 , N s is the number of hard spheres, and L the length of the simulation cell. A summary of the conditions used is given in Table I . Each simulation was repeated for five different realizations of the disorder.
There are four dimensionless parameters characterizing this system in the thermodynamic limit: the density of hard spheres rs 3 , the fraction of excluded volume, an upper 0031-9007͞00͞85(22)͞4735(4)$15.00 bound is m pN c ͑d͞L͒ 2 (an upper bound because if two cylinders are close to each other, some of the excluded volume is counted twice); the ratio d͞s; and the ratio of the temperature to that of free boson transition temperature at the same density (T c0 0.401 K at rs 3 0.0107, not taking into account excluded volume.)
First, let us examine how the precise geometry of the disorder affects the superfluid fraction. Figure 1 displays r s ͞r, for system II, as a function of T ͞T c0 . The superfluid density [15] is computed by calculating the mean squared winding of the paths around the periodic boundary conditions. The crosses indicate the results for each disorder at a given temperature, and the lines are the smoothed averages of the superfluid fractions for the five cases. All the values of r s ͞r are within a standard deviation of the average values, indicating that the superfluid fraction does not depend much on the particular geometry chosen and that one can speak of a single T c . Even though our systems are small they seem to be "self-averaging." The behavior of system II is typical of the other three geometries.
The data in the lower part of the figure were obtained by "switching off" the interactions between the hard spheres and keeping constant the rest of the simulation conditions, to gauge the importance of the interaction on the results. We refer to this as the "disordered" ideal gas. We did this for systems I, II, and III. It can be observed that when the hard-core interaction is turned off, the fraction of molecules belonging to the superfluid at low temperatures decreases by a factor of 2. In the thermodynamic limit, the effect is even greater; the disorder suppresses the superfluidity of the ideal gas. This can be easily understood since, without interaction, there exists a lowest energy state, localized in the cavity with the largest volume, that will be occupied by all the bosons. Thus, when N s !`, one will have BEC but not superfluidity consistent with our computed superfluid densities.
Another effect we observe in our simulation is the reduction of superfluid density with increasing disorder defined in our system as the inverse mean free path of a classical hard sphere. That reduction can be seen in Fig. 2 for the different systems with N s ϳ 60. The tortuosity, which we define as the fraction of atoms participating in superflow at zero temperature, x r s ͑T 0͒͞r given in Table I , is found to be independent of N s and 0.51 # x # 0.74. These values are reasonably consistent with those measured in Vycor x 0.76 6 0.01 [8] . The greater the excluded volume (system III vs system II) for the same type of cylinders, the lower x. For the same excluded volume (systems I, II, and IV), the superfluid fraction is greater when the number of cylinders is smaller, if the diameter of the hard spheres is comparable to that of the cylinders (d ϳ s).
To obtain an estimate of the superfluid transition temperature for each system, we perform a finite size scaling analysis by fitting N 1͞3 s r s ͞r with [16] :
This expression assumes the exponents for the superfluid density and the correlation length are related by (w 2n). The fit determines the critical temperature T c and the exponent for the correlation length n. We assumed that D 1͞2, but its precise value has very little effect on the results. The range of reduced temperatures T 1 # T # T 2 (T 1 and T 2 given in Table II) , included in the fit was adjusted to ensure that the superfluid density was linear. The fit for system I is given in Fig. 3 . Shown in Table II are the transition temperatures obtained with two different fits: one with the n's corresponding to the universality class of the hard spheres (helium), and the other choosing n to minimize x 2 . Note that T c is independent of the value of n chosen. The introduction of the cylinders does not change T c much from a homogeneous ideal gas at the same density. Recall that without disorder T c ͞T c0 1.057 6 0.003 [1] (see Fig. 4 ).
As the density of cylinders increases (system II vs I) or their diameter increases (system I vs IV), the critical temperature increases. This is most likely because as the available space for the hard spheres decreases, their effective density increases. On the other hand, for the same kind of cylinders (systems II and III), T c does not change when the excluded volume does. Figure 4 shows the comparison with the bulk system. We see that within error bars, [1] . The circles are the data shown in Fig. 3 of Ref. [4] . They have been corrected for the free volume, tortuosity, and effective mass. The solid symbols with error bars are the present calculations. The solid line is for bulk liquid 4 He.
any conclusion about the value of n, so we cannot say if the universality class has changed. Luckily, this fact is irrelevant for the critical temperatures. In the other three systems, the situation is better. The error bars of the critical exponent for the correlation length are small enough to conclude that systems I and II belong to the same universality class as pure helium (for which n 0.67).
On the other hand, in system IV n 1.32 6 0.08. This value is clearly different from 0.67, a result reinforced by the dramatic decrease in x 2 when we go from n 0.67 to the best fit of n 1.32 (see Table II ). This system might be in a different universality class from pure helium. Such an increase of n has been experimentally observed in helium absorbed in aerogel and xerogel [10, 11, 13] .
We now compare these calculations to the measurements of the transition temperature in Vycor. There are several important differences. In Vycor the first helium atoms added to the system are localized on the surface of the silica and do not contribute to a superfluid response (the dead layer). The next helium atoms form a surface layer around the silica strands which is locally 2D but connects up at a longer length scale as a 3D network. The pores are estimated to be in the range of 40 to 80 Å. For the sample of Refs. [4, 8] we estimate the excluded volume, including that of the dead layer, is m 0.772. This is a much larger excluded volume factor and a much larger pore size than in our simulations. The tortuosity of Vycor is estimated to have a value of x 0.76 6 0.01 similar to that of our systems. Figure 4 shows the comparison of the current results with the experiment. To make this comparison, we corrected the densities for the excluded volume in both sets of data. Plotted on the horizontal axis is the density of helium in units of hard-sphere radii, defined as the number of free atoms (not including the dead layer) divided by the free pore volume. The vertical axis is the transition temperature divided by the ideal transition temperature also taking into account the corrected density. The upper curve is the estimate for pure hard spheres of Ref. [1] . The transition temperature in Vycor is reduced from the bulk hard spheres value much more than in our calculation, by up to a factor of 3, most likely because of the density variation within a pore and between pores. Assuming a pore size of 40 Å, for densities such that rs 3 ͑͞1 2 m͒ * 1.1 3 10 23 , one has more than 1 free atom͞per pore, thus for these densities, Bose condensation can take place inside a single pore. However, not until the pores are nearly full, is our model of strictly repulsive disorder relevant for Vycor because of layering within a pore. This effect, as well as the significant difference in the ratio of pore size to hard-sphere diameter, likely accounts for the different reductions in the transition temperature at low density. Also plotted in Fig. 4 is the transition temperature of bulk 4 He versus density, showing essentially the same reduction as for 4 He in Vycor at the same density.
In conclusion, we have performed PIMC simulation to determine the superfluid density for a hard sphere system outside of randomly placed cylinders. We have an overall reduction in the superfluid density, however taking into account the reduced free volume, the transition temperature is reduced only slightly if at all.
